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Abstract
The recent devolopment on the charged lepton mass forumulame+mµ+mτ =
2
3
(√
me +
√
mµ
+
√
mτ
)2
is reviewed. An S3 or A4 model will be promising for the mass relation.
1 Beginning of the charged lepton mass formula
It is generally considered that masses and mixings of the quarks and leptons will obey a simple
law of nature, so that we expect that we will find a beautiful relation among those values. It
is also considered that the mass matrices of the fundamental particles will be governed by a
symmetry.
Our dream is to understand masses and mixings from a symmetry, i.e. not from adjustable
parameters, but from Clebsch-Gordan-like coefficients.
For example, in 1971, the author[1] tried to understand the Cabibbo mixing from a U(3)
symmetry from a composite model of quarks, the so-called Hiroshima model[2]. 3 The basic
idea[1] to give the Cabibbo angle was analogy to the hadronic π0-η0-σ0 mixing where we assume
(νe, νµ, ℓ) ∼ 3 of U(3), and 3 quarks are members of 8+1 of U(3). In the model, when we define
the following lepton-antilepton states
π = 1√
2
(νeνe − νµνµ),
η = 1√
6
(νeνe + νµνµ − 2ℓℓ),
σ = 1√
3
(νeνe + νµνµ + ℓℓ),
(1.1)
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3In the model, the quarks are composed as
u = 〈(νeνe cos θ + νµνµ sin θ〉)B〉,
c = 〈(−νeνe sin θ + νµνµ cos θ〉)B〉,
d = 〈(e−νe)B〉,
s = 〈(µ−νµ)B〉,
where B is a hypothetical fermion with the baryon number. In the model, semileptonic decays d→ u and s→ u
are understood from e− → νe with the factor cos θ and from µ
− → νµ with the factor sin θ, respectively. The
nonleptonic decay s→ d can be understood from µ−νµ → e
−νe with the factor 1 without assuming the so-called
penguin diagram.
1
π = 1√
2
(νeνe − νµνµ),
ω = 1√
2
(νeνe + νµνµ),
φ = 1√
3
ℓℓ,
(1.2)
from the analogy with the hadoronic π-η-η′ mixing, we consider that the physical up-quark u
has the lepton-antilepton state
π′ =
√
3
2
π +
1
2
ω =
√
3 + 1
2
√
2
νeνe −
√
3− 1
2
√
2
νµνµ, (1.3)
so that the Cabibbo angle θC is given by
sin θC =
√
3− 1
2
√
2
, cos θC =
√
3 + 1
2
√
2
. (1.4)
However, the derivation of (1.4) was strained and tricky. In 1978, Harari et al.[3] have proposed
a model based on a permutation symmetry S3 and they have successfully derived the relation
(1.4) for the Cabibbo angle θC .
In 1982, the author[4] have proposed a charged lepton mass relation4
me +mµ +mτ =
2
3
(√
me +
√
mµ +
√
mτ
)2
. (1.5)
It is well-known that the observed charged lepton mass spectrum satisfies the relation with
remarkable precision.
The mass formula (1.5) is invariant under any exchange
√
mi ↔ √mj. This suggests that a
description by a permutation symmetry[6] S3 may be useful for the mass matrix model. However,
this formula was derived from an extension of the π-η-σ mixing model (composite model), and
the author had never considered an S3 symmetry although he had still assumed a U(3) symmetry
until 1999[7].
In the present paper, we will demonstrate how the S3 symmetry is promising to understand
the masses and mixings. And, we will comment that an A4 symmetry is also promising. Although
we think that there are beautiful relations among quark and lepton masses and mixings, it is
hard to see such a symmetry in the quark sector, because the original symmetry will be spoiled
by the gluon cloud. In the present study, we will confine ourselves to the investigation of the
lepton masses and mixings.
2 Leptons under S3
Let us demonstrate that the S3 symmetry is promising not only for understanding of the charged
lepton mass relation (1.5), but also for that of the observed neutrino mixing, i.e. the so-called
4 Exactly speaking, the expression (1.5) appeared in Ref. [5]. In Refs.[4], the formula has been given by the
expression mei = m0(xi + x0)
2, where x1 + x2 + x3 = 0 and x0 =
p
(x2
1
+ x2
2
+ x2
3
)/3.
2
tribimaximal mixing[8]
UTB =


− 2√
6
1√
3
0
1√
6
1√
3
− 1√
2
1√
6
1√
3
1√
2

 . (2.1)
2.1 Tribimaximal mixing
We define the doublet (ψpi, ψη) and singlet ψσ of S3

 ψpiψη
ψσ

 =


0 − 1√
2
1√
2
− 2√
6
1√
6
1√
6
1√
3
1√
3
1√
3



 ψ1ψ2
ψ3

 . (2.2)
If the neutrino mass eigenstates are (νpi, νη , νσ) defined by the relation (2.2) with the mass
hierarchy m2νη < m
2
νσ < m
2
νpi in contrast to the weak eigenstates (ν1, ν2, ν3) = (νe, νµ, ντ ), then
we can obtain the tribimaximal mixing (2.1) because of the relation

 νeνµ
ντ

 =

 ν1ν2
ν3

 =


− 2√
6
1√
3
0
1√
6
1√
3
− 1√
2
1√
6
1√
3
1√
2



 νηνσ
νpi

 . (2.3)
2.2 Charged lepton mass formula and Higgs potential
The mass formula (1.5) can be understood from a universal seesaw model[5] with 3-flavor scalars
φi:
Mf = m
f
LM
−1
F m
f
R. (2.4)
Here, for the charged lepton sector, we take
meL =
1
κ
meR = yediag(v1, v2, v3), (2.5)
where the VEV vi = 〈φi〉 satisfy the relation
v21 + v
2
2 + v
2
3 =
2
3
(v1 + v2 + v3)
2 . (2.6)
The VEV relation (2.6) means
v2pi + v
2
η = v
2
σ, (2.7)
because
v21 + v
2
2 + v
2
3 = v
2
pi + v
2
η + v
2
σ = 2v
2
σ = 2
(
v1 + v2 + v3√
3
)2
. (2.8)
3
The Higgs potential which gives the relation (2.7) is, for example, given by[11]
V = µ2
∑
i
(φiφi) +
1
2
λ1
[∑
i
(φiφi)
]2
+λ2(φσφσ)(φpiφpi + φηφη) + VSB, (2.9)
where VSB is a soft symmetry breaking term which does not affect the derivation of (2.7). Here,
the existence of the S3 invariant λ2-term is essential for the derivation of the VEV relation
(2.7). Note that the relation (2.7) can be obtained independently of the explicit values of the
parameter λ2.
2.3 Yukawa interaction form under S3
The general form of the S3 invariant Yukawa interaction is given by
H =
(
y0
ψ¯piψpi + ψ¯ηψη + ψ¯σψσ√
3
+ y1
ψ¯piψpi + ψ¯ηψη − 2ψ¯σψσ√
6
)
φσ
+y2
(
ψ¯piψη + ψ¯ηψpi√
2
φpi +
ψ¯piψpi − ψ¯ηψη√
2
φη
)
+y3
ψ¯piφpi + ψ¯ηφη√
2
ψσ + y4ψ¯σ
φpiψpi + φηψη√
2
. (2.10)
For the charged lepton sector, we have already assumed the form
He = ye
(
ℓ¯L1φ
d
L1ER1 + ℓ¯L2φ
d
L2ER2 + ℓ¯L3φ
d
L3ER3
)
. (2.11)
The form (2.11) corresponds to the case
y0 = ye, y1 = 0, y2 =
1√
3
ye, y3 = y4 =
√
2
3
ye, (2.12)
in the general form (2.10).
The general study under the S3 symmetry will be found in a recent paper[12] by the author.
Here, the details are skiped.
2.4 A simple example of the S3-invariant neutrino interaction
Now, let us speculate an S3-invariant neutrino interaction with a concise form[9]
Hν = yν
(
ℓpiNpi + ℓηNη + ℓσNσ√
3
φuσ +
ℓpiNη + ℓηNpi√
2
φupi +
ℓpiNpi − ℓηNη√
2
φuη
)
. (2.13)
4
Here, we have assumed the universality of the coupling constants to the φσ, φpi and φη terms.
Then, we obtain a simple mass spectrum
mν1 =
(
1√
6
− 1
2
)2
mν0 ,
mν2 =
1
6
mν0 ,
mν3 =
(
1√
6
+ 1
2
)2
mν0 ,
(2.14)
where we have used the relation
v2pi + v
2
η = v
2
σ, (2.15)
from the S3 Higgs potential model. By putting mν3 =
√
∆m2atm from the atmospheric neutrino
oscillation data[13], we obtain
mν1 = (5.3
+0.4
−0.3)× 10−4 eV,
mν2 = (1.05
+0.07
−0.05)× 10−2 eV,
mν3 = (5.22
+0.35
−0.25)× 10−2 eV.
(2.16)
The present case predicts
R =
∆m221
∆m232
=
4
√
6− 9
4
√
6 + 9
= 0.0423. (2.17)
The predicted value is somewhat larger than the observed value[14, 13]
Robs ≡
∆m2solar
∆m2atm
=
(7.9+0.6−0.5)× 10−5eV2
(2.72+0.38−0.25)× 10−3eV2
. = (2.9 ± 0.5) × 10−2 (2.18)
However, the case cannot, at present, be ruled out within three sigma.
If vpi/vη 6= 0 , mνL cannot be diagonal on the basis (νpi, νη , νσ). The mixing angle θpiη of the
further rotation between νpi-νη is given by
tan θpiη = vpi/vη. (2.19)
It is well known that the 2 ↔ 3 symmetry[15] is promising for neutrino mass matrix
description. We also assume the 2↔ 3 symmetry for 〈φui 〉, i.e. vu2 = vu3 , which leads to
〈φupi〉 = 0. (2.20)
Therefore, the present model gives the exact tribimaximal mixing:
sin2 2θ23 = 1, tan
2 θ12 = 1/2, θ13 = 0. (2.21)
Note that if we require the 2 ↔ 3 symmetry for the fields ℓLi = (νLi, eLi), the symmetry will
affect the charged lepton sector, too. Here, we have assumed the 2↔ 3 symmetry only for 〈φui 〉,
not for 〈φdi 〉, so that the symmetry does not affect the charged lepton mass matrix.
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2.5 Summery of the S3 model
In conclusion, in the S3 model, the following assumptions have been done:
(i) We have assumed a universal seesaw model.
(ii) The S3 symmetry in the Yukawa interactions is strictly unbroken. The symmetry S3 is
broken only though the VEV of Higgs scalars φi.
(iii) We have required the universality of the coupling constants on the basis (e1, e2, e3) for the
charged lepton sector, while we have assumed that on the basis (νpi, νη , νσ) for the neutrino
sector.
As a result of those assumptions, we have obtainde the tribimaximal mixing (2.1) and the
charged lepton mass formula (1.5).
3 Prospect of the Charged Lepton Mass Formula
3.1 Brannen’s speculations
Recently, Brannen has speculated a neutrino mass relation[16] similar to the charged lepton
mass relation (1.5):
mν1 +mν2 +mν3 =
2
3
(−√mν1 +√mν2 +√mν3)2 . (3.1)
Of course, we cannot extract the values of the neutrino mass ratios mν1/mν2 and mν2/mν3
from the neutrino oscillation data ∆m2solar and ∆m
2
atm unless we have more information on
the neutrino masses, so that we cannot judge whether the observed neutrino masses satisfy the
relation (3.1) or not.
Generally, the masses which satisfy the relations (1.5) and (3.1) can be expressed as a
bilinear form
mfi = (zfi)
2mf0, (3.2)
where
zf1 =
1√
6
− 1√
3
sin ξf ,
zf2 =
1√
6
− 1√
3
sin(ξf +
2
3
π),
zf3 =
1√
6
− 1√
3
sin(ξf +
4
3
π),
(3.3)
(zf1)
2 + (zf2)
2 + (zf3)
2 = 1. (3.4)
Then, Brannen has also speculated the relation[16]
ξν = ξe +
π
12
. (3.5)
From the observed charged lepton mass values, we obtain
ξe =
π
4
− ε = 42.7324◦ (ε = 2.2676◦). (3.6)
6
Therefore, the Brannen relation (3.5) gives
ξν = 57.7324
◦, (3.7)
which predicts
R =
∆m221
∆m232
= 0.0318. (3.8)
The value (3.8) is in good agreement with the observed value 0.029± 0.005, (2.17). There-
fore, the speculations by Brannen are favorable to the observed neutrino data.
We can understand Brannen’s first relation (3.1) by assuming two different scalars i.e.
φu 6= φd. However, Brannen’s second relation (3.5) is hard to be derived from the conventional
symmetries. it is an open question that the relation (3.5) is accidental or not.[12]
Besides, Brannen[16] and Rosen[17] have speculated that the observed value ξe = 42.7324
◦
is given by the relation
ξe =
π
6
+
2
9
. (3.9)
Since the value 2/9 means
2
9
rad = 12.732395◦ , (3.10)
the speculation (3.9) is in excellent agreement with the observed value ξe = 42.7324
◦ from the
charged lepton masses. This is an amazing coincidence.
However, at present, there is no reason for the relation (3.9). Too adhering to this coinci-
dence will again push the formula (1.5) into a mysterious world, so that it is not recommended
that we take the relation (3.9) seriously at present.
3.2 From Seesaw to Frogatt-Nielsen
The seesaw model with the three SU(2)L doublet scalars φi causes the flavor changing neutral
current (FCNC) problem. Therefore, the seesaw model may, for example, be translated into a
Frogatt-Nielsen-type model:
Heff = yelLH
d
L
φd
Λd
φd
Λd
eR + yν lLH
u
L
φu
Λu
νR + yRνRΦν
∗
R. (3.11)
The argument about flavor structure is essentially unchanged under the present model-
changing. However, the scenario for the symmetry breaking energy scale will be considerably
changed: The energy scale of vi = 〈φi〉 in the seesaw model is of the order of 102 GeV, while that
in the Frogatt-Nielsen[18] type model is of the order of 1019 GeV. In the Frogatt-Nielsen-type
model, the S3-broken structure of the effective Yukawa coupling constants is given at the Planck
mass scale. However, this is no problem, because the formula (1.1) is not so sensitive to the
renormalization group equation (RGE) effects as far as the lepton sector is concerned.[19]
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3.3 From S3 to A4
Recently, Ma[20] has explained the observed tribimaximal mixing on the basis of A4. This
suggests that the A4 symmetry is also promising as a symmetry of leptons.
3.3.1 Irreducible representations of A4
When we denote 3 of A4 as
ψ =

 ψ1ψ2
ψ3

 ∼ 3, ψ =

 ψ1ψ2
ψ3

 ∼ 3, (3.12)
we can make 1, 1’, 1” from 3× 3 as follows:
(ψψ)1 =
1√
3
(ψ1ψ1 + ψ2ψ2 + ψ3ψ3),
(ψψ)1′ =
1√
3
(ψ1ψ1 + ψ2ψ2ω + ψ3ψ3ω
2),
(ψψ)1” =
1√
3
(ψ1ψ1 + ψ2ψ2ω
2 + ψ3ψ3ω),
(3.13)
where
ω = ei
2
3
pi =
−1 + i√3
2
. (3.14)
When we define
(ψψ)σ =
1√
3
(ψ1ψ1 + ψ2ψ2 + ψ3ψ3),
(ψψ)η =
1√
6
(2ψ1ψ1 − ψ2ψ2 − ψ3ψ3),
(ψψ)pi =
1√
2
(ψ3ψ3 − ψ2ψ2),
(3.15)
we can express (3.13) as
(ψψ)1 = (ψψ)σ ,
(ψψ)1′ =
1√
2
[
(ψψ)η − i(ψψ)pi
]
,
(ψψ)1” =
1√
2
[
(ψψ)η + i(ψψ)pi
]
.
(3.16)
Therefore, if we define (φpi, φη , φσ) as
φ1 = φσ,
φ1′ =
1√
2
(φη − iφpi),
φ1” =
1√
2
(φη + iφpi),
(3.17)
we can write an A4 invariant Yukawa interaction as follows:
(ψψ)1φ1 + (ψψ)1′φ1” + (ψψ)1”φ1′
= (ψψ)σφσ + (ψψ)ηφη + (ψψ)piφpi.
(3.18)
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Thus, we can translate the relations in S3 into those in A4. The A4 symmetry will be also
promising in the symmetry of the leptons[21].
3.3.2 Higgs potential which gives v2pi + v
2
η = v
2
σ
The existence of the λ2-term, φ
2
σ(φ
2
pi + φ
2
η), in the S3 Higgs potential model (2.9) was essential
for the derivation of the relation (2.7). In an A4 model, the λ2-term can be composed as
φ1φ1 (φ1′φ1” + φ1”φ1′) = φ
2
σ
(
φ2pi + φ
2
η
)
. (3.19)
Thus, the charged lepton mass relation (1.5) can also be derived from the A4 model.
3.4 From non-SUSY to SUSY
Since the formula (1.5) is so exact, we need to find a condition which is protected against
large corrections. Ma[22] has recently proposed a supersymmetric S3-invariant Higgs potential,
because supersymmetry is unbroken even after the superfields acquire VEVs:
W =
1
2
m
(
φ2pi + φ
2
η + φ
2
σ
)
+
1
3
λφ3σ + λφσ
(
φ2pi + φ
2
η
)
, (3.20)
which also leads to the relation v2pi + v
2
η = v
2
σ, (2.7).
By extending this idea, and by applying a symmetry Σ(81) to the model, Ma[23] has
proposed a new model which leads to the charged lepton mass relation (1.5) :
W = 1
2
m0χ
2
0 +
1
2
m1χ
2
1 +
1
2
m2χ
2
2
+m3χ1χ2 +
1
3
λ(χ30 + χ
3
1 + χ
3
2 + 6χ0χ1χ2).
(3.21)
This will throw new light on the formula (1.5).
4 Summary
The charged lepton mass formula is not supernatural beings, so that the investigation should be
done along the conventional mass matrix approach based on the field theory.
A promising possibility has come up: The charged lepton mass formula (1.5) and the
tribimaximal mixing (2.1) are related each other and both can be understood from S3 or A4 .
Our next step is to attack the quark masses and mixing by applying the present approach.
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